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SECOND ORDER LAGRANGIAN DYNAMICS ON DOUBLE CROSS PRODUCT GROUPS
OĞUL ESEN, MAHMUT KUDEYT, AND SERKAN SÜTLÜ
Abstract. We observe that the iterated tangent group of a Lie group may be realized as a double cross product
of the 2nd order tangent group, with the Lie algebra of the base Lie group. Based on this observation, we derive
the 2nd order Euler-Lagrange equations on the 2nd order tangent group from the 1st order Euler-Lagrange
equations on the iterated tangent group. We also present in detail the 2nd order Lagrangian dynamics on the
2nd order tangent group of a double cross product group.
MSC 2010: 22E70, 70H50.
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1. Introduction
The symmetry of a dynamical equation is defined as the invariance of the system under a (Lie) group
action, [18, 32, 38, 52]. On the other hand, the reduction of Lagrangian systems under symmetries is one
of the main interests of geometric mechanics, [9]. More precisely, the reduction of the Euler-Lagrange
equations, on the tangent bundle TQ of the configuration space Q, reduces under the symmetry group (say
G) action, to the Lagrange-Poincaré equations over the space TQ/G of orbits, [48].
The configuration spaces of many physical systems such as the rigid bodies, or fluid and plasma
theories are Lie groups, [1, 3, 43, 62], as we shall confine ourselves to within the present paper. In the
case that the configuration space of the system is a Lie group, say K , the Lagrangian dynamics on the (left
trivialized) tangent bundle TK is determined by the the Euler-Lagrange equations
(1.1)
d
dt
δL
δα
= T∗e La
δL
δa
− ad∗α
δL
δα
generated by a Lagrangian L : TK → R, L = L(a, α), where L refers to the left regular representation of K
on itself, and ad∗ the (left) coadjoint action of K on K∗. Accordingly, the symmetry of K reduces (1.1) to
the Euler-Poincaré equations
(1.2)
d
dt
δL
δα
= − ad∗α
δL
δα
associated to the reduced Lagrangian function(al) L : K → R, L = L(α), on the Lie algebra K of K , [45].
One feasible strategy to study dynamics (in the Lagrangian, or Hamiltonian framework) is to realize
the configuration space as a semi-direct product, [9, 44, 47]. This, then, allows to realize the dynamical
system under investigation as a composition of two simpler subsystems, one of which effecting the other.
In the presence of such a nontrivial action, of one subsystem onto the other, the joint system (under
investigation) becomes more than a mere composition of its building blocks. More precisely, the (Euler-
Poincaré) equations of motion of the joint system contains additional terms which do not exist in the
equations of motions of the individual subsystems. As such, it is possible to capture a dynamics governed
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by a rather complicated set of (Euler-Poincaré) equations in terms of two much simpler dynamics governed
by much simpler equations. This strategy has proved itself to be very productive. Indeed, the heavy top,
ideal compressible fluids, MHD, and many other physical systems have been successfully studied within the
semi-direct product framework, [33, 55].
However, although there are many examples that fit into the semi-direct product framework, it is more
realistic to expect the building blocks of a given physical system to be in mutual interaction, rather than a
one-way relationship. As a result, the semi-direct product strategy has been taken a step forward recently in
[26], by considering the configuration space as a double cross product [41, 42].
A group K is called a “double cross product” of a pair of groups (G, H) if K  G×H as sets. Then, the
group structure on K is determined by those in G and H, together with their mutual actions ⊲ : H × G → G
of H on G, and ⊳ : H × G → H of G on H. This group structure built on G × H is denoted by G ⊲⊳ H, in
order to emphasize the mutual actions. If, in particular, the (right) action of G on H, or the (left) action of H
on G is trivial, then K becomes a semi-direct product of the pair (G, H); namely K  G ⋊H, or K  G ⋉H
respectively. Furthermore, the Lie algebra K of a double cross product group K  G ⊲⊳ H is a “double cross
sum” Lie algebra, namely; K  g ⊕ h, with g and h being the Lie algebras of G and H respectively. Just
as in the group case, this time the Lie algebra structure on K is completely determined by those in g and h,
and their mutual actions ⊲ : h ⊗ g → g and ⊳ : h ⊗ g → h. Just as in the group level, the Lie algebra thus
constructed on g ⊕ h is also denoted by g ⊲⊳ h to emphasize the mutual actions.
Just as it is in the semi-direct product theory, realizing a dynamical system as a double cross product
means to consider the system under investigation as a composition of two subsystems; but this time allowing
a mutual interaction between them, wherein the novelty of this approach lies. In addition to the individual
dynamics of the two subsystems, this time their (nontrivial) actions on each other contributes to the dynamics
of the joint system as well.
In the level of equations of motion, in turn, the contributions of the subsystems into the total dynamics
of the joint system manifest themselves in the (Euler-Poincaré) equations. As such, the realization of the
configuration space of a given dynamical system as a double cross product gives a larger (compared
to the semi-direct product realization) number of terms which are associated to the mutual actions of the
subsystems. It is precisely this feature that gives the double cross product theory a non-trivial advantage over
the semi-direct product theory. Namely; it recovers the semi-direct product theory simply by considering
one of the actions of the subsystems onto the other to be trivial, and it thus qualifies to encompass the
examples that fall beyond the semi-direct product theory.
More precisely; given a double cross product group G ⊲⊳ H, the Euler-Lagrange equations associated
to a Lagrangian L : T(G ⊲⊳ H) → R, L = L(g, h; ξ, η) on the (left trivialized) tangent bundle T(G ⊲⊳ H) 
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(G ⊲⊳ H) ⋉ (g ⊲⊳ h) was obtained in [26] as
d
dt
δL
δξ
=
(
T∗e Lg
δL
δg
)
∗
⊳ h︸            ︷︷            ︸
H action on g∗
+ T∗eσh
δL
δh
− ad∗ξ
δL
δξ
+
δL
δξ
∗
⊳ η︸ ︷︷ ︸
h action on g∗
+ a∗η
δL
δη
d
dt
δL
δη
= T∗e Lh
δL
δh
− ad∗η
δL
δη
− ξ
∗
⊲
δL
δη︸ ︷︷ ︸
g action on h∗
− b∗ξ
δL
δξ
where, for any (g, h) ∈ G ⊲⊳ H and any (ξ, η) ∈ g ⊲⊳ h, σh : G → H is given by σh(g) := h ⊳ g, a∗η is
the transpose of aη : g → h, aη(ξ) := η ⊳ ξ, and similarly b∗ξ is the transpose of bξ : h → g given by
bξ (η) := η ⊲ ξ. Accordingly, the reduction with respect to the G ⊲⊳ H action yielded the Euler-Poincaré
equations
d
dt
δL
δξ
= − ad∗ξ
δL
δξ
+
δL
δξ
∗
⊳ η + a∗η
δL
δη
d
dt
δL
δη
= − ad∗η
δL
δη
− ξ
∗
⊲
δL
δη
− b∗ξ
δL
δξ
(1.3)
generated by the reduced Lagrangian L : g ⊲⊳ h → R, L = L(ξ, η) on the Lie algebra g ⊲⊳ h of G ⊲⊳ H.
Let us also note that the double cross product theory has already found applications in plasma theory
[24], and in thermodynamical processes [21, 54, 61]. On the other hand, the application of the theory to the
Hamiltonian and Lie-Poisson dynamics was achieved successfully in [25], whereas the discrete systems in
the level of Lie groupoids was studied (from the point of view of the double cross product Lie groupoids) in
[27]. Finally, even though the double cross product dynamics provides an answer to the coupling problem
of Lagrangian systems, even extending the semi-direct product theory, it is far from being the complete
solution; since there are Lagrangian theories other then the Euler-Poincaré dynamics.
Now, the Lagrange equations are second order differential equations. Therefore, in order to recast
a higher order differential equation in the Lagrangian framework, one needs to study the system over the
higher order tangent bundles of the configuration space. In this case, the Lagrangian function depends on
acceleration (and possibly the terms of higher order) in addition to the position and the velocity, [17]. The
study of the higher order Lagrangian formalism, and its Hamiltonian counterpart, goes back to 1850’s [53].
The reduction of the higher order Lagrangian systems under symmetries, on the other hand, have been
investigated only recently in [11, 16, 29]. In particular, the higher order Euler-Poincaré equations associated
to a (reduced) Lagrangian L = L(ξ, Ûξ, . . . , ξ(k−1)) on TkG/G  g⊕ k was obtained as
(1.4)
(
d
dt
+ ad∗ξ
) ©­«
k−1∑
j=0
(−1)j
d j
dt j
δL
δξ(j)
ª®¬ = 0
in [29]. In the case of k = 2, as we shall study below, (1.4) appears to be
(1.5)
(
d
dt
+ ad∗ξ
) (
δL
δξ
−
d
dt
(
δL
δ Ûξ
))
= 0.
Taking a double cross product group G ⊲⊳ H, we shall observe in detail how the 2nd order Euler-Poincaré
equations (1.5) is built on those on G, and on H, and the additional terms associated to the mutual actions
of G and H on each other.
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One other advantage of the double cross product theory is the theory’s being a feasible avenue to
study the reduction theory. As a result, based on the observation that
TTG  g ⊲⊳ T2G
we shall be able to derive the 2nd order Euler-Lagrange equations on T2G from the (1st order) Euler-
Lagrange equations on TTG as a result of the reduction with respect to the (left) action of g. The (1st order)
Euler-Lagrange equations on TTG, in turn, may be written at once from those on the tangent bundle of a
double cross product group as was calculated in [26] simply by considering TG  G ⋉ g.
Organization.
The organization of the paper is as follows.
In the following Section 2, we review the matched pairs of Lie groups, and matched pairs of Lie
algebras. More precisely; Subsection 2.1 contains the fundamentals of matched pairs of Lie groups, while
Subsection 2.2 is about the matched pairs of Lie algebras.
The main objects of study of the present article is introduced and studied in Section 3. In Subsection
3.1 we present the (1st order) tangent group TG, and its double cross product decomposition. In Subsection
3.2, on the other hand, we recall the 2nd order tangent group T2G, its realization as a 2-cocycle extension,
and its double cross product decomposition. Finally, in Subsection 3.3, we present the iterated tangent group
TTG, and more importantly, its double cross product decomposition into T2G and g.
Section 4, is the section where the main results of the paper lie. Subsection 4.1 contains a brief
review of the 1st order (matched) Lagrangian dynamics. Then, in Subsection 4.2, there comes the 2nd
order Euler-Lagrange equations on the 2nd order tangent group, as a result of the reduction of the 1st order
Lagrangian dynamics on the iterated tangent bundle. Finally, we present the 2nd order Euler-Lagrange
equations on the 2nd order tangent group of a double cross product group in Subsection 4.3.
The illustrations, of the calculations done in Subsection 4.3, comes in Section 5. In Subsection 5.1,
we focus on Riemannian 2-splines, while in Subsection 5.2 we discuss 3D-systems.
Notations and Conventions.
Throughout the text G and H will stand for Lie groups, with Lie algebras g and h respectively. The
(linear) duals of g and h, on the other hand, will be denoted by g∗ and h∗. We shall make use of the notation
g, g˜, ˜˜g ∈ G, ξ, ξ˜, ˜˜ξ ∈ g, µ, µ˜, ˜˜µ ∈ g∗
h, h˜, ˜˜h ∈ H, η, η˜, ˜˜η ∈ g, ν, ν˜, ˜˜ν ∈ h∗
(1.6)
for the generic elements. As for the representations;
L : G × G → G, (g, g˜) 7→ Lg g˜ := gg˜
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will stand for the left regular representation of G on itself, while the right regular representation will be
denoted by
R : G × G → G, (g, g˜) 7→ Lg˜ g := gg˜.
Similarly,
Ad : G × G → G, (g, g˜) 7→ Adg g˜ := gg˜g
−1
will be the (left) adjoint representation of G on itself. The same symbol will also be used to denote the (left)
adjoint representation of G on its Lie algebra g, namely
(1.7) Ad : G × g → g, (g, ξ) 7→ Adg ξ,
which in turn, induces the (left) coadjoint representation
Ad∗ : G × g∗ → g∗
of G on g∗ via
(1.8)
〈
Ad∗
g−1
µ, ξ
〉
=
〈
µ,Adg ξ
〉
.
The infinitesimal counterpart of (1.7) is the (left) adjoint representation
ad : g ⊗ g → g, ξ ⊗ ξ˜ 7→ adξ ξ˜ := [ξ, ξ˜]
of g on itself. Accordingly, we shall denote the (left) coadjoint representation of g on g∗ as
ad∗ : g ⊗ g∗ → g∗, ξ ⊗ µ 7→ ad∗ξ µ,
which is determined by
(1.9)
〈
ad∗ξ µ, ξ˜
〉
= −
〈
µ, adξ ξ˜
〉
.
2. Matched pairs of Lie Groups, and matched pairs of Lie Algebras
In this section we recall briefly the very basics on the double cross product Lie groups, and their Lie
algebras. More precisely; in Subsection 2.1 we shall recall the notion of a “matched pair” of Lie groups,
and thus a double cross product Lie group built on a matched pair of Lie group. In Subsection 2.2, then,
we shall turn towards the infinitesimal counterpart of this theory, namely the double cross sum Lie algebras
built on the matched pairs of Lie algebras. For further details the reader may consult to the incomplete list
[39, 40, 41, 42, 60, 66] of references.
2.1. Matched pairs of Lie groups.
Let (G, H) be a pair of Lie groups equipped with the mutual actions (left H-action on G, and right
G-action on H)
(2.1) ⊲ : H × G → G, (h, g) 7→ h ⊲ g, ⊳ : H × G → H, (h, g) 7→ h ⊳ g
6 OĞUL ESEN, MAHMUT KUDEYT, AND SERKAN SÜTLÜ
which are subject to
h ⊲ (gg˜) = (h ⊲ g)((h ⊳ g) ⊲ g˜),
(hh˜) ⊳ g = (h ⊳ (h˜ ⊲ g))(h˜ ⊳ g).
Then, the pair (G, H) is called a “matched pair” of Lie groups. In this case, there is a group structure on the
cartesian product G × H determined by
(2.2) (g, h)
(
g˜, h˜
)
=
(
g (h ⊲ g˜) , (h ⊳ g˜) h˜
)
,
as was observed in [42, Prop. 6.2.15]. The group G × H given by (2.2) is called the “double cross product”
of G and H, and is denoted by G ⊲⊳ H to emphasize the mutual actions.
Conversely, as was also observed in [42, Prop. 6.2.15], given a group K with two subgroups
G →֒ K ←֓ H
so that the multiplication on K induces an isomorphism K  G × H as (topological) sets,
G × H → K, (g, h) 7→ gh,
the pair (G, H) becomes a matched pair of Lie groups, and K  G ⊲⊳ H as groups. In this case, the mutual
actions of G and H on each other are obtained from
(2.3) hg = (h ⊲ g)(h ⊳ g).
The double cross product construction generalizes to that of the semi-direct product construction by
setting one of the mutual actions to be trivial. More precisely, given a matched pair of groups (G, H), with
trivial (left) H-action, the double cross product group G ⊲⊳ H is nothing but the semi-direct product group
G⋉H. Similarly, in case of the trivial (right) G-action G ⊲⊳ H reduces to the the semi-direct product G⋊H.
Let us finally remark that although we follow the notation and the terminology of [41, 42], the double
cross product construction goes back to [57, 58, 59, 65]; after which it was named as the Zappa-Szép product
in [6]. The very same construction appeared also in [36] under the name of the twilled extension, and in
[39] as the double Lie group.
2.2. Matched pairs of Lie algebras.
A pair of Lie algebras (g, h) is called a “matched pair of Lie algebras” if their mutual actions
(2.4) ⊲ : h ⊗ g → g, η ⊗ ξ 7→ η ⊲ ξ, ⊳ : h ⊗ g → h, η ⊗ ξ 7→ η ⊳ ξ,
on each other satisfy
η ⊲ [ξ, ξ˜] = [η ⊲ ξ, ξ˜] + [ξ, η ⊲ ξ˜] + (η ⊳ ξ) ⊲ ξ˜ − (η ⊳ ξ˜) ⊲ ξ,
[η, η˜] ⊳ ξ = [η, η˜ ⊳ ξ] + [η ⊳ ξ, η˜] + η ⊳ (η˜ ⊲ ξ) − η˜ ⊳ (η ⊲ ξ).
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It follows from [42, Prop. 8.3.2] that given a matched pair of Lie algebras, there is a Lie algebra structure
on g ⊕ h given by
(2.5) [(ξ, η), (ξ˜, η˜)] =
(
[ξ, ξ˜] + η ⊲ ξ˜ − η˜ ⊲ ξ, [η, η˜] + η ⊳ ξ˜ − η˜ ⊳ ξ
)
.
The Lie algebra g ⊕ h given by (2.5) is called a “double cross sum” Lie algebra, and it is denoted by g ⊲⊳ h.
Conversely, if K is a Lie algebra, with Lie subalgebras
g →֒ K ←֓ h
so that the summation on K induces an isomorphism K  g ⊲⊳ h as vector spaces,
g ⊲⊳ h → K, (ξ, η) 7→ ξ + η,
then the pair (g, h) is a matched pair, and K  g ⊲⊳ h as Lie algebras.
Let us note also that if (G, H) be a matched pair of Lie groups, then their Lie algebras (g, h) make a
matched pair of Lie algebras, and the Lie algebra of the double cross product Lie group G ⊲⊳ H is the double
cross sum Lie algebra g ⊲⊳ h.
Just as it is for the matched pairs of Lie groups, a double cross sum Lie algebra reduces to a semi-direct
sum Lie algebra if one of the actions of the components is assumed to be trivial. More precisely, if the left
h-action on g is trivial, then g ⊲⊳ h reduces to the semi-direct sum g ⋉ h. Similarly, in case the right g- action
on h is trivial, then g ⊲⊳ h becomes the semi-direct sum Lie algebra g ⋊ h.
3. The 2nd order and the iterated tangent groups
The present section is about the main objects of study of this note. In Subsection 3.1 we begin with
a quick review of the (1st order) tangent group TG, and its double cross product decomposition. Then in
Subsection 3.2 below we record the group structure of the 2nd order tangent group T2G, its realization as a
2-cocycle extension, and its double cross product decomposition. We conclude the section with the iterated
tangent group TTG in Subsection 3.3, where we observe its double cross product decomposition into T2G
and g, as well as two other presentations.
3.1. The (1st order) tangent group.
Let us take a quick tour around the group structure on the tangent bundle TG. To this end, we recall
the (left) trivialization
(3.1) tr : TG → G ⋉ g1, Vg 7→ (g,TgLg−1Vg) = (g, ξ),
via which the tangent bundle TG may be endowed with the semi-direct product group structure on G ⋉ g1,
which in turn is given explicitly by
(3.2)
(
g, ξ(1)
) (
g˜, ξ˜(1)
)
=
(
gg˜, ξ˜(1) + Adg˜−1 ξ
(1)
)
,
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for any ξ(1), ξ˜(1) ∈ g1 = g. Accordingly, the Lie algebra of TG  G ⋉ g is the semi-direct sum Lie algebra
g2 ⋉ g3 := g ⋉ g whose Lie bracket being
(3.3) [(ξ(2), ξ(3)), (ξ˜(2), ξ˜(3))] = ([ξ(2), ξ˜(2)], adξ (3) ξ˜
(2) − adξ˜ (3) ξ
(2))
for any ξ(2), ξ˜(2) ∈ g2 = g, and any ξ(3), ξ˜(3) ∈ g3 = g. We note that the indices the Lie algebra g serve to
distinguish the copies of it, since we shall need it in the sequel.
Leaving the further details on the (1st order) tangent group to [22, 31, 35, 46, 51, 55], we now recall
the double cross product decomposition of it from [26, Prop. 2.3].
Accordingly, given a matched pair of Lie groups (G, H), their tangent groups (TG,TH) is also a
matched pair of Lie groups. Furthermore,
(3.4) T(G ⊲⊳ H)  TG ⊲⊳ TH
as Lie groups. In this case, the mutual actions of the tangent groups may be computed to be
(h, η(1)) ⊲ (g, ξ(1)) =
(
h ⊲ g, (h ⊳ g) ⊲ ξ(1) + (h ⊳ g) ⊲ TgLg−1(η
(1) ⊲ g)
)
,(3.5)
(h, η(1)) ⊳ (g, ξ(1)) =
(
h ⊳ g, η(1) ⊳ g + T(h⊳g)L(h⊳g)−1
(
(h ⊳ g) ⊳
(
ξ(1) + TgLg−1(η
(1) ⊲ g)
) ))
,(3.6)
and the group structure on (3.4) is thus given by
(g, h, ξ, η)(g˜, h˜, ξ˜, η˜) = ( ˜˜g, ˜˜h, ˜˜ξ, ˜˜η),
where
˜˜g = g(h ⊲ g˜), ˜˜h = (h ⊳ g˜)h˜, ˜˜ξ = ξ˜ + h˜−1 ⊲
(
Adg˜−1 ξ + Tg˜Lg˜−1(η ⊲ g˜)
)
,
˜˜η = η˜ + Th˜−1 Rh˜
(
h˜−1 ⊳ (Adg˜−1 ξ + Tg˜Lg˜−1(η ⊲ g˜))
)
+ Adh˜−1 (η ⊳ g˜).
3.2. The 2nd order tangent group.
Along the lines of [28, 29], the kth order tangent bundle τk : TkQ → Q of a manifold Q is defined to
be the equivalence classes of twice differentiable curves in Q with respect to the equivalence relation that
relates two curves with identical derivatives at 0 up to kth order. More precisely, two curves p(t), q(t) ∈ Q
are set to be equivalent if
p(0) = q(0), p′(0) = q′(0), . . . p(k)(0) = q(k)(0).
Accordingly, [p] being the equivalence class of the curve p(t) ∈ Q, the bundle projection is defined to be
τk : TkQ → Q, τk([p]) := p(0).
Refering the reader to [2, 12, 13, 14] for higher order tangent bundles, we now proceed onto the case Q = G,
a Lie group. In this case, the kth order tangent group TkG has the structure of a Lie group, see for instance
[28, 35, 63], via
[p][q] := [pq].
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Given a curve p(t) ∈ G, now, δℓp := p−1p′ being the “left logarithmic derivative”, the left trivialization
(compare with the right-handed version in[63])
tr2 : T2G → G × g × g, [p] 7→
(
p(0), (δℓp)(0), (δℓp)′(0)
)
allows to endow T2G with the group structure given by
(3.7) (g, ξ, Ûξ)(g˜, ξ˜, Û˜ξ) = (gg˜, ξ˜ + Adg˜−1 ξ,
Û˜ξ + Adg˜−1 Ûξ − adξ˜ Adg˜−1 ξ).
Accordingly, the unit element is (e, 0, 0) ∈ G × g × g, and the inversion is given by
(g, ξ, Ûξ)−1 = (g−1,−Adg ξ,−Adg Ûξ).
Once again, in order to distinguish the copies of the Lie algebra g, we shall make use of the notation G×g× Ûg.
The next proposition sheds further light on the (group) structure of T2G, see also [63].
Proposition 3.1. The 2nd order tangent group T2G is a 2-cocycle extension of TG, by Ûg. In short,
(3.8) T2G  TG ⋉ϕ Ûg
Proof. It follows at once that
⊳ : Ûg × TG → Ûg, ( Ûξ, (g, ξ)) 7→ Ûξ ⊳ (g, ξ) := Adg−1 Ûξ
determines a right action of TG on Ûg, and that, in view of the identification T2G  G × g × Ûg above (via the
left trivialization), the group structure may be expressed as
(g, ξ, Ûξ)(g˜, ξ˜, Û˜ξ) =
(
(g, ξ)(g˜, ξ˜); Û˜ξ + Ûξ ⊳ (g˜, ξ˜) + ϕ((g, ξ), (g˜, ξ˜))
)
,
where
(3.9) ϕ : TG × TG → Ûg, ϕ((g, ξ), (g˜, ξ˜)) := − adξ˜ Adg˜−1 ξ.
On the other hand, it takes a routine calculation to observe that (3.9) satisfies the (cocycle) condition
dϕ((g, ξ), (g˜, ξ˜), ( ˜˜g, ˜˜ξ)) :=
ϕ((g˜, ξ˜), ( ˜˜g, ˜˜ξ)) − ϕ((g, ξ)(g˜, ξ˜), ( ˜˜g, ˜˜ξ)) + ϕ((g, ξ), (g˜, ξ˜)( ˜˜g, ˜˜ξ)) − ϕ((g, ξ), (g˜, ξ˜)) ⊳ ( ˜˜g, ˜˜ξ) = 0,
for any (g, ξ), (g˜, ξ˜), ( ˜˜g, ˜˜ξ) ∈ TG. That is, (3.9) determines a 2-cocycle in the group cohomology of TG, with
coefficients in Ûg; or in short, ϕ ∈ H2(TG, Ûg). The claim thus follows. 
We shall conclude the present subsection with the double cross product decomposition of the 2nd
order tangent group.
Proposition 3.2. If (G, H) is a matched pair of Lie groups, then so is (T2G,T2H). Moreover,
(3.10) T2(G ⊲⊳ H)  T2G ⊲⊳ T2H
as Lie groups.
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Proof. In view of [42, Prop. 6.2.15], we begin with the inclusions
T2G →֒ T2(G ⊲⊳ H), (g, ξ, Ûξ) 7→
(
(g, e), (ξ, 0), ( Ûξ, 0)
)
,
T2H →֒ T2(G ⊲⊳ H), (h, η, Ûη) 7→
(
(e, h), (0, η), (0, Ûη)
)
.
(3.11)
Next, recording the group multiplication
(g, h, ξ, η, Ûξ, Ûη)(g˜, h˜, ξ˜, η˜, Û˜ξ, Û˜η) =(
g(h ⊲ g˜), (h ⊲ g˜)h˜, ξ˜ + h˜−1 ⊲ τ, η˜ + Th˜−1 Rh˜(h˜
−1 ⊳ τ) + Adh˜−1 (η ⊳ g˜),
Û˜ξ + h˜−1 ⊲ Ûτ, Û˜η + Th˜−1 Rh˜(h˜
−1 ⊳ Ûτ) + Adh˜−1( Ûη ⊳ g˜)
)
,
where
τ = Adg˜−1 ξ + Tg˜Lg˜−1(η ⊲ g˜), Ûτ = Adg˜−1 Ûξ + Tg˜Lg˜−1( Ûη ⊲ g˜),
we proceed to the multiplication map
T2G × T2H → T2(G ⊲⊳ H),( (
g, ξ, Ûξ
)
,
(
h, η, Ûη
))
7→
(
(g, e), (ξ, 0), ( Ûξ, 0)
) (
(e, h), (0, η), (0, Ûη)
)
=(
(g, h),Ad(e,h)−1 (ξ, 0) + (0, η), ϕ
(
((g, e), (ξ, 0)), ((e, h), (0, η))
)
+ Ad(e,h)−1 ( Ûξ, 0) + (0, Ûη)
)
=
(
(g, h),Ad(e,h)−1 (ξ, 0) + (0, η),− ad(0,η) Ad(e,h)−1 (ξ, 0) + Ad(e,h)−1 ( Ûξ, 0) + (0, Ûη)
)
=
(
(g, h),Ad(e,h)−1 (ξ, 0) + (0, η),
[
Ad(e,h)−1 (ξ, 0), (0, η)
]
+ Ad(e,h)−1 ( Ûξ, 0) + (0, Ûη)
)
=
(
(g, h), (h−1 ⊲ ξ,Th−1 Rh(h
−1 ⊳ ξ) + η),[
(h−1 ⊲ ξ,Th−1 Rh(h
−1 ⊳ ξ), (0, η)
]
+ (h−1 ⊲ Ûξ,Th−1 Rh(h
−1 ⊳ Ûξ) + Ûη)
)
=
(
(g, h), (h−1 ⊲ ξ,Th−1 Rh(h
−1 ⊳ ξ) + η),(
− η ⊲ (h−1 ⊲ ξ), [Th−1 Rh(h
−1 ⊳ ξ), η] − η ⊳ (h−1 ⊲ ξ)
)
+ (h−1 ⊲ Ûξ,Th−1 Rh(h
−1 ⊳ Ûξ) + Ûη)
)
=
(
(g, h), (h−1 ⊲ ξ,Th−1rh(h
−1 ⊳ ξ) + η),(
h−1 ⊲ Ûξ − η ⊲ (h−1 ⊲ ξ), [Th−1 Rh(h
−1 ⊳ ξ), η] − η ⊳ (h−1 ⊲ ξ) + Th−1 Rh(h
−1 ⊳ Ûξ) + Ûη
) )
.
We now conclude with the the observation that the multiplication map above is invertible, by calculating its
inverse explicitly. Setting
T2(G ⊲⊳ H) → T2G × T2H,(
(g, h), (ξ, η); ( Ûξ, Ûη)
)
7→
(
(g, e), (A1, 0), (A0, 0)
) (
(e, h), (0, B1), (0, B0)
)
,
it follows from(
(g, h), (ξ, η)
)
=
(
(g, e), (A1, 0)
) (
(e, h), (0, B1)
)
=
(
(g, h),Ad(e,h)−1 (A1, 0) + (0, B1)
)
=
(
(g, h), (h−1 ⊲ A1,Th−1 Rh(h
−1 ⊳ A1) + B1)
)
,
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that
(3.12) A1 = h ⊲ ξ, B1 = η − Th−1 Rh(h
−1 ⊳ (h ⊲ ξ)) = η + ThLh−1 (h ⊳ ξ).
In order to determine A0 and B0 we compute
( Ûξ, Ûη) = ϕ
(
((g, e), (A1, 0)), ((e, h), (0, B1))
)
+ Ad(e,h)−1 (A0, 0) + (0, B0)
=
[
Ad(e,h)−1 (A1, 0), (0, B1)
]
+ Ad(e,h)−1 (A0, 0) + (0, B0)
=
[
(ξ, η) − (0, B1), (0, B1)
]
+ (h−1 ⊲ A0,Th−1 Rh(h
−1 ⊳ A0) + B0)
=
[
(ξ, η), (0, B1)
]
+ (h−1 ⊲ A0,Th−1 Rh(h
−1 ⊳ A0) + B0)
= (−B1 ⊲ ξ, [η, B1] − B1 ⊳ ξ) + (h
−1 ⊲ A0,Th−1 Rh(h
−1 ⊳ A0) + B0)
= (h−1 ⊲ A0 − B1 ⊲ ξ, [η, B1] − B1 ⊳ ξ + Th−1 Rh(h
−1 ⊳ A0) + B0).
Accordingly,
(3.13) A0 = h ⊲ (B1 ⊲ ξ) + h ⊲ Ûξ, B0 = Ûη + B1 ⊳ ξ − Th−1 Rh(h
−1 ⊳ A0) + [B1, η].
Finally we substitute A1 and B1 of (3.12) into (3.13) to obtain
A0 = h ⊲ (η ⊲ ξ) + h ⊲
(
ThLh−1(h ⊳ ξ) ⊲ ξ
)
+ h ⊲ Ûξ,
B0 = Ûη + η ⊳ ξ + ThLh−1 (h ⊳ ξ) ⊳ ξ + ThLh−1(h ⊳ (η ⊲ ξ))
+ ThLh−1(h ⊳ (ThLh−1 (h ⊳ ξ) ⊲ ξ)) + ThLh−1 (h ⊳ Ûξ) + [ThLh−1(h ⊳ ξ), η].
(3.14)

Now the same line of thought as (2.3), namely
(3.15)
(
(e, h), (0, η), (0, Ûη)
) (
(g, e), (ξ, 0), ( Ûξ, 0)
)
=
{(
h, η, Ûη
)
⊲
(
g, ξ, Ûξ
)}{(
h, η, Ûη
)
⊳
(
g, ξ, Ûξ
)}
,
yields the mutual actions of T2G and T2H on each other. More explicitly, the left action of T2H on T2G is
given by (
h, η, Ûη
)
⊲
(
g, ξ, Ûξ
)
=
(
h ⊲ g, (h ⊳ g) ⊲
(
ξ + TgLg−1(η ⊲ g)
)
,
(h ⊳ g) ⊲
(
(η ⊳ g) ⊲
(
ξ + TgLg−1(η ⊲ g)
))
+ (h ⊳ g) ⊲
({
Th⊳gL(h⊳g)−1
(
(h ⊳ g) ⊳
(
ξ + TgLg−1(η ⊲ g)
) )}
⊲
(
ξ + TgLg−1(η ⊲ g)
) )
+ (h ⊳ g) ⊲
(
Ûξ + TgLg−1( Ûη ⊲ g) − adξ
(
TgLg−1(η ⊲ g)
)
+ (η ⊳ g) ⊲ ξ
) )
,
(3.16)
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whereas the right action of T2G on T2H is
(
h, η; Ûη
)
⊳
(
g, ξ, Ûξ
)
=
(
h ⊳ g, η ⊳ g + Th⊳gL(h⊳g)−1
(
(h ⊳ g) ⊳
(
ξ + TgLg−1(η ⊲ g)
) )
,
Ûη ⊳ g + (η ⊳ g) ⊳ ξ + (η ⊳ g) ⊳
(
ξ + TgLg−1(η ⊲ g)
)
+ Th⊳gL(h⊳g)−1
(
(h ⊳ g) ⊳
(
ξ + TgLg−1(η ⊲ g)
))
⊳
(
ξ + TgLg−1(η ⊲ g)
)
+ Th⊳gL(h⊳g)−1
(
(h ⊳ g) ⊳
{
(η ⊳ g) ⊲
(
ξ + TgLg−1(η ⊲ g)
)})
+ Th⊳gL(h⊳g)−1
(
(h ⊳ g) ⊳
{
Th⊳gL(h⊳g)−1
(
(h ⊳ g) ⊳
(
ξ + TgLg−1(η ⊲ g)
) )
⊲
(
ξ + TgLg−1(η ⊲ g)
)})
+ Th⊳gL(h⊳g)−1
(
(h ⊳ g) ⊳
{
Ûξ + TgLg−1( Ûη ⊲ g) − adξ
(
TgLg−1(η ⊲ g)
)
+ (η ⊳ g) ⊲ ξ
}))
+ [Th⊳gL(h⊳g)−1
(
(h ⊳ g) ⊳
(
ξ + TgLg−1(η ⊲ g)
) )
, η ⊳ g].
(3.17)
3.3. The iterated tangent group.
We shall now turn out attention to the (twice) iterated tangent group
(3.18) TTG  T(TG)  T(G ⋉ g1)  (G ⋉ g1) ⋉ (g2 ⋉ g3).
Iterative application of the (left) trivialization
tr : TTG → (G ⋉ g1) ⋉ (g2 ⋉ g3),(
Vg,Vξ (1)
)
7→ (g, ξ(1), ξ(2), ξ(3)) :=
(
g, ξ(1),T Lg−1Vg,Vξ (1) −
[
ξ(1),T Lg−1Vg
] )
,
(3.19)
yields the multiplication(
g, ξ(1), ξ(2), ξ(3)
) (
g˜, ξ˜(1), ξ˜(2), ξ˜(3)
)
=(
gg˜, ξ˜(1) + Adg˜−1 ξ
(1), ξ˜(2) + Adg˜−1 ξ
(2), ξ˜(3) + Adg˜−1 ξ
(3)
+ [Adg˜−1 ξ
(2), ξ˜(1)]
)
,
(3.20)
see for instance [4, 63], whose identity element being (e, 0, 0, 0) ∈ TTG. Once again, the indices of the Lie
algebra g serve to distinguish the identical copies.
Remark 3.3. It follows at once from [26, Prop. 2.3] that if (G, H) is a matched pair of Lie groups, then so
is (TTG,TTH), since (TG,TH) is. Accordingly,
TT(G ⊲⊳ H)  TTG ⊲⊳ TTH
as Lie groups. Along the same line of thought, there emerges two immediate realizations of TTG; one being
TTG  (G ⋉ g1) ⋉ (g2 ⋉ g3) via (3.19), and the other one being TTG  TG ⋉ Tg1  (G ⋉ g2) ⋉ (g1 × g3) via
(3.4). The explicit relation between the two was obtained in [26, (2.58) & (2.59)]. Namely,
(3.21) (G ⋉ g1) ⋉ (g2 ⋉ g3) → (G ⋉ g2) ⋉ (g1 × g3), (g, ξ
(1), ξ(2), ξ(3)) 7→ (g, ξ(2), ξ(1), ξ(3) + adξ (1) ξ
(2)),
with the inverse
(3.22) (G ⋉ g2) ⋉ (g1 × g3) → (G ⋉ g1) ⋉ (g2 ⋉ g3), (g, ξ
(2), ξ(1), ξ(3)) 7→ (g, ξ(1), ξ(2), ξ(3) − adξ (1) ξ
(2)).
SECOND ORDER LAGRANGIAN DYNAMICS ON DOUBLE CROSS PRODUCT GROUPS 13
However, in order to recover the 2nd order Euler-Lagrange equations on T2G from those on TTG, we
shall now observe another double cross product decomposition of the iterated tangent group.
Proposition 3.4. Given any Lie group G, with its Lie algebra g considered as an abelian Lie group; (g,T2G)
is a matched pair of Lie groups. Moreover,
(3.23) TTG  g ⊲⊳ T2G.
Proof. Let us begin with the inclusions
g →֒ TTG ←֓ T2G
given by
(3.24) T2G → TTG, (g, ξ, Ûξ) 7→ (g, ξ, ξ, Ûξ)
and
(3.25) g → TTG, ξ 7→ (e, ξ, 0, 0).
It takes a routine verification to see that the images of the inclusions (3.24) and (3.25) are indeed subgroups.
Furthermore, we see at once that the multiplication on TTG induces
g × T2G → TTG,(
ξ˜; (g, ξ, Ûξ)
)
7→ (e, ξ˜, 0, 0)(g, ξ, ξ, Ûξ) = (g, ξ + Adg−1 ξ˜, ξ, Ûξ),
which is an isomorphism. The claim then follows from [42, Prop. 6.2.15]. 
Let us, for the sake of completeness of the exposition, we now calculate the mutual actions of T2G
and g on each other. Following the idea in (2.3), we calculate
(g, ξ, ξ, Ûξ)(e, ξ˜, 0, 0) = (g, ξ + ξ˜, ξ, Ûξ + adξ ξ˜) =
(e, 0,Adg ξ˜, 0)(g, ξ, ξ, Ûξ + adξ ξ˜).
Therefore,
(g, ξ, Ûξ) ⊲ ξ˜ = Adg ξ˜,
(g, ξ, Ûξ) ⊳ ξ˜ = (g, ξ, Ûξ + adξ ξ˜).
In order to keep other options of reductions of the Euler-Lagrange equations on TTG we shall record
below two more realizations (a 2-cocycle extensions, and a semi-direct product) of TTG.
Proposition 3.5. The iterated tangent group TTG is a 2-cocycle extension of G ⋉ (g1 × g2) by g3, where
g1 = g2 = g3 = g. In short, TTG 
(
G ⋉ (g1 × g2)
)
⋉φ g3.
Proof. The semi-direct product group G ⋉ (g1 × g2) is based on the (right) diagonal adjoint action of G on
g1 × g2. More precisely,
(g1 × g2) × G → (g1 × g2), (ξ
(1), ξ(2)) ⊳ g := (Adg−1 ξ
(1),Adg−1 ξ
(2)).
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On the other hand, the (right) action of the group G ⋉ (g1 × g2) on g3 is the one
g3 × (G ⋉ (g1 × g2)) → g3, ξ
(3) ⊳ (g, ξ(1), ξ(2)) := Adg−1 ξ
(3).
Finally, the mapping
(3.26) φ :
(
G ⋉ (g1 × g2)
)
×
(
G ⋉ (g1 × g2)
)
→ g3,
(
(g, ξ(1), ξ(2)), (g˜, ξ˜(1), ξ˜(2))
)
→
[
Adg˜−1 ξ
(2), ξ˜(1)
]
is a 2-cocycle in the group cohomology of the semi-direct group G⋉ (g1×g2), with coefficients in g3; namely
φ ∈ H2(G ⋉ (g1 × g2), g3). Indeed,
φ
(
(g˜, ξ˜(1), ξ˜(2)), (˜g˜, ˜˜ξ(1), ˜˜ξ(2))
)
− φ
(
(g, ξ(1), ξ(2))(g˜, ξ˜(1), ξ˜(2)), (˜g˜, ˜˜ξ(1), ˜˜ξ(2))
)
+
φ
(
(g, ξ(1), ξ(2)), (g˜, ξ˜(1), ξ˜(2))(˜g˜, ˜˜ξ(1), ˜˜ξ(2))
)
− φ
(
(g, ξ(1), ξ(2)), (g˜, ξ˜(1), ξ˜(2))
)
⊳ (˜g˜, ˜˜ξ(1), ˜˜ξ(2)) =
φ
(
(g˜, ξ˜(1), ξ˜(2)), (˜g˜, ˜˜ξ(1), ˜˜ξ(2))
)
− φ
(
(gg˜, ξ˜(1) + Adg˜−1 ξ
(1), ξ˜(2) + Adg˜−1 ξ
(2)), (˜g˜, ˜˜ξ(1), ˜˜ξ(2))
)
+
φ
(
(g, ξ(1), ξ(2)), (g˜˜˜g, ˜˜ξ(1) + Ad˜˜g−1 ξ˜(1), ˜˜ξ(2) + Ad˜˜g−1 ξ˜(2)))−
φ
(
(g, ξ(1), ξ(2)), (g˜, ξ˜(1), ξ˜(2))
)
⊳ (˜g˜, ˜˜ξ(1), ˜˜ξ(2)) =[
Ad˜˜g−1 ξ˜(2), ˜˜ξ(1)
]
−
[
Ad˜˜g−1(ξ˜(2) + Adg˜−1 ξ(2)), ˜˜ξ(1)
]
+[
Ad
(g˜ ˜˜g)−1 ξ(2), ˜˜ξ(1) + Ad˜˜g−1 ξ˜(1)
]
− Ad˜˜g−1
[
Adg˜−1 ξ
(2), ξ˜(1)
]
= 0.

We now conclude the present subsection with a second presentation of the iterated tangent group.
Proposition 3.6. The iterated tangent group TTG is a semi-direct product of G with
TTeG := {(e, ξ
(1); ξ(2), ξ(3)) | ξ(1), ξ(2), ξ(3) ∈ g} ⊆ TTG
given by (
ξ(1), ξ(2), ξ(3)
) (
ξ˜(1), ξ˜(2), ξ˜(3)
)
=
(
ξ˜(1) + ξ(1), ξ˜(2) + ξ(2), ξ˜(3) + ξ(3) + [ξ(2), ξ˜(1)]
)
.
More precisely,
TTG  G ⋉ TTeG.
Proof. Considering the (right diagonal adjoint) action of G on TTeG given by
TTeG × G → TTeG, (ξ
(1), ξ(2), ξ(3)) ⊳ g := (Adg−1 ξ
(1),Adg−1 ξ
(2),Adg−1 ξ
(3)),
it becomes a straightforward verification that the group structure on TTG may be recasted as the semi-direct
product as claimed. 
In fact, the subgroup TTeG ⊆ TTG is itself a 2-cocycle extension built on the right action
g3 ×
(
g1 × g2
)
→ g3, ξ
(3) ⊳ (ξ˜(1), ξ˜(2)) → ξ(3),
of the abelian (cartesian product) group g1 × g2 on another abelian group g3, and the 2-cocycle χ ∈
H2(g1 × g2, g3) given by
χ : (g1 × g2) × (g1 × g2) → g3, χ
(
(ξ(1), ξ(2)), (ξ˜(1), ξ˜(2))
)
= [ξ(2), ξ˜(1)].
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In short, TTeG  (g1 × g2) ⋉χ g3.
4. Lagrangian dynamics
In the present section, wherein the main results of the paper lie, we study the 2nd order Lagrangian
dynamics on the 2nd order tangent (double cross product) group. To this end, we begin with a brief review
of the 1st order (matched) Euler-Lagrange equations in Subsection 4.1. It is this subsection in which we also
present the 1st order (matched) Euler-Lagrange equations on the iterated tangent group without appealing
to any variational calculus (and using only the matched pair theory). Then, in Subsection 4.2, we derive
the 2nd order Euler-Lagrange equations on the 2nd order tangent group, merely by the reduction of the 1st
order Lagrangian dynamics on the iterated tangent bundle to the 2nd order Lagrangian dynamics, under
the symmetry of the Lie algebra of the base Lie group. Finally, we present the 2nd order Euler-Lagrange
equations, in Subsection 4.3, on the 2nd order tangent group of a double cross product group.
4.1. First order Lagrangian dynamics.
In order to arrive at the equation of motion generated by the Lagrangian function(al) L : TG 
G ⋉ g → R, L = L(g, ξ), we compute the variation of the action integral
(4.1) δ
∫ b
a
L (g, ξ) dt =
∫ b
a
(〈
δL
δg
, δg
〉
g
+
〈
δL
δξ
, δξ
〉
e
)
dt.
Applying the Hamilton’s principle to the variations of the base (group) component, and the reduced
variational principle
(4.2) δξ = Ûη + [ξ, η]
to the fiber (Lie algebra) component, the (trivialized) Euler-Lagrange equation is computed to be
(4.3)
d
dt
δL
δξ
= T∗e Lg
δL
δg
− ad∗ξ
δL
δξ
.
On the other hand, in view of the (free and proper) left action of G on TG, the reduced Euler-Poincaré
equations generated by the reduced Lagrangian L : g → R, L = L(ξ) on the quotient space TG/G  g, as
(trivial vector) bundles on a point, turn out to be
(4.4)
d
dt
δL
δξ
= − ad∗ξ
δL
δξ
.
This procedure is called the Euler-Poincaré reduction.
For a thorough discussion, we refer the reader to [5, 12, 13, 19, 23]. For the reduced variational
principle we refer to [8, 22, 45], and for the Lagrangian dynamics on semidirect products we refer to
[7, 9, 33, 47].
Next, we shall recall from [26, Subsect. 3.2] the expressions of (4.2) and (4.4) in the presence of a
double cross product group G ⊲⊳ H. In this case, given a Lagrangian L : (G ⊲⊳ H)⋉ (g ⊲⊳ h),L = L(g, h, ξ, η),
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the Euler-Lagrange equations associated to it were computed to be
d
dt
δL
δξ
= T∗e Lg
(
δL
δg
)
∗
⊳ h + T∗eσh
(
δL
δh
)
− ad∗ξ
δL
δξ
+
δL
δξ
∗
⊳ η + a∗η
δL
δη
,
d
dt
δL
δη
= T∗e Lh
(
δL
δh
)
− ad∗η
δL
δη
− ξ
∗
⊲
δL
δη
− b∗ξ
δL
δξ
,
(4.5)
where
g∗ × H → g∗, (µ, h) 7→ µ
∗
⊳ h,
given by 〈
µ
∗
⊳ h, ξ
〉
=
〈
µ, h ⊲ ξ
〉
is the right action of H on g∗, and
G × h∗ → h∗, (g, ν) 7→ g
∗
⊲ ν,
given by 〈
g
∗
⊲ ν, η
〉
=
〈
ν, η ⊳ g
〉
is the left action of G on h∗. Moreover, aη : h∗ → g∗ is the transpose of the mapping
aη : g → h, ξ 7→ aη(ξ) := η ⊳ ξ,
and similarly bξ : g∗ → h∗ is the transpose of
bξ : h → g, η 7→ bξ (η) := η ⊲ ξ.
Finally, σh : G → H being the map defined by σh(g) := h ⊳ g, T∗eσh : T
∗
h
H → g∗ is its coadjoint lift. The
symmetry of (4.5) under the (left) symmetry of G ⊲⊳ H, thus, yields the matched Euler-Poincaré equations
d
dt
δL
δξ
= − ad∗ξ
δL
δξ
+
δL
δξ
∗
⊳ η + a∗η
δL
δη
,
d
dt
δL
δη
= − ad∗η
δL
δη
− ξ
∗
⊲
δL
δη
− b∗ξ
δL
δξ
.
(4.6)
As an application of (3.1) and (4.5), we readily have the Euler-Lagrange equations on
TTG  T(G ⋉ g1)  (G ⋉ g1) ⋉ (g2 ⋉ g3).
Indeed, considering h := ξ(1), ξ := ξ(2), and η := ξ(3), and keeping in mind that the left g1-action on G and
the left g3-action on g2 are in this case trivial, and that g3 is a trivial Lie algebra (being the Lie algebra of
the abelian Lie group g1), we arrive at the Euler-Lagrange equations
d
dt
δL
δξ(2)
= T∗e Lg
(
δL
δg
)
− ad∗
ξ (1)
δL
δξ(1)
− ad∗
ξ (2)
δL
δξ(2)
− ad∗
ξ (3)
δL
δξ(3)
,
d
dt
δL
δξ(3)
=
δL
δξ(1)
− ad∗
ξ (2)
δL
δξ(3)
(4.7)
generated by a Lagrangian L = L(g, ξ(1), ξ(2), ξ(3)). Let us note that the equations (4.7) may also be expressed
as (
d
dt
+ ad∗
ξ (2)
)
δL
δξ(2)
= T∗e Lg
(
δL
δg
)
− ad∗
ξ (1)
δL
δξ(1)
− ad∗
ξ (3)
δL
δξ(3)
,(
d
dt
+ ad∗
ξ (2)
)
δL
δξ(3)
=
δL
δξ(1)
(4.8)
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As a result, after the reduction under the (left) action of G⋉g1, the Euler-Poincaré equations generated
by the reduced Lagrangian L : g2 ⋉ g3 → R, L = L(ξ(2), ξ(3)) appear to be(
d
dt
+ ad∗
ξ (2)
)
δL
δξ(2)
= − ad∗
ξ (3)
δL
δξ(3)
,(
d
dt
+ ad∗
ξ (2)
)
δL
δξ(3)
= 0.
(4.9)
4.2. Second order Lagrangian dynamics.
We shall now observe that it is indeed possible to capture the (2nd order) Euler-Lagrange equations
on T2G  (G ⋉ g2) ⋉ϕ g3, and then the (2nd order) Euler-Poincaré equations on G\T2G  g2 ⋉ g3, from the
Euler-Lagrange equations (4.8) on TTG  (G⋉g1)⋉ (g2 ⋉g3), without appealing to any variational calculus,
for which we refer to [2, 12, 13, 14, 28, 29].
Indeed, it follows from Proposition 3.4 that the Euler-Lagrange equations on TTG  G\TTG,
associated to the reduced Lagrangian L : T2G → R, L = L(g, ξ, Ûξ) may be obtained by setting ξ(2) := ξ,
and ξ(3) := Ûξ. Namely, (
d
dt
+ ad∗ξ
)
δL
δξ
= T∗e Lg
(
δL
δg
)
− ad∗Ûξ
δL
δ Ûξ
,(
d
dt
+ ad∗ξ
)
δL
δ Ûξ
= 0.
(4.10)
Next, incorporating the second equation into the first one along the lines of
ad∗Ûξ
δL
δ Ûξ
=
d
dt
(
ad∗ξ
δL
δ Ûξ
)
− ad∗ξ
d
dt
(
δL
δ Ûξ
)
= −
d2
dt2
(
δL
δ Ûξ
)
− ad∗ξ
d
dt
(
δL
δ Ûξ
)
= −
(
d
dt
+ ad∗ξ
)
d
dt
(
δL
δ Ûξ
)
,
(4.11)
where we used the second equation of (4.8) in the second equation, we arrive at the second order Euler-
Lagrange equations
(4.12)
(
d
dt
+ ad∗ξ
) (
δL
δξ
−
d
dt
δL
δ Ûξ
)
= T∗e Lg
(
δL
δg
)
on T2G  (G ⋉ g) ⋉ϕ g. Accordingly, one final reduction with respect to the (left) G-action renders the 2nd
order Euler-Poincaré equations
(4.13)
(
d
dt
+ ad∗ξ
) (
δL
δξ
−
d
dt
δL
δ Ûξ
)
= 0
associated to the reduced Lagrangian L : G\T2G  g ⋉ g → R, L = L(ξ, Ûξ).
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Let us summarize our discussions/arguments in the following diagram.
TG
 G ⋉ g2
1st order EL in (4.3)
TTG
 (G ⋉ g1) ⋉ (g2 ⋉ g3)
EL in (4.8)
T2G
 (G ⋉ g2) ⋉ϕ g3
2nd order EL in (4.12)
g2
1st order EP in (4.4)
g2 ⋉ g3
2nd order EP in (4.13)
G\
using (4.5)
g1\
/g3
G\
/g3
4.3. The 2nd order matched Euler-Lagrange equations.
We shall now re-investigate the 2nd order Euler-Lagrange equations (4.12), and the 2nd order Euler-
Poincaré equations (4.13) in the presence of a matched pair of groups (G, H).
Proposition 4.1. The 2nd order Euler-Lagrange equations on T2(G ⊲⊳ H), generated by a Lagrangian
function L : T2(G ⊲⊳ H) → R, L = L(g, h, ξ, η, Ûξ, Ûη), may be given by(
d
dt
+ ad∗ξ
) (
DξL
)
−
(
DξL
) ∗
⊳ η − a∗η
(
DηL
)
= T∗e Lg
(
δL
δg
)
∗
⊳ h + T∗eσh
(
δL
δh
)
,(
d
dt
+ ad∗η
) (
DηL
)
+ ξ
∗
⊲
(
DηL
)
+ b∗ξ
(
DξL
)
= T∗e Lh
(
δL
δh
)(4.14)
where we use the abbreviations
DξL :=
δL
δξ
−
d
dt
δL
δ Ûξ
, DηL :=
δL
δη
−
d
dt
δL
δ Ûη
.
Proof. Setting g → (g, h), ξ → (ξ, η), and Ûξ → ( Ûξ, Ûη) in (4.12), we readily get(
d
dt
+ ad∗(ξ,η)
) ( (
δL
δξ
,
δL
δη
)
−
d
dt
(
δL
δ Ûξ
,
δL
δ Ûη
) )
= T∗L(g,h)
(
δL
δg
,
δL
δh
)
.
The claim, then, follows from the expression [26, (3.6)] of the coadjoint lift on a double cross product Lie
group, and [26, (3.6)] of the coadjoint action on a double cross sum Lie algebra. 
The reduction by the (left) action of the double cross product group G ⊲⊳ H is now immediate, and
yields the 2nd order matched Euler-Poincaré equations on the double cross sum Lie algebra
(4.15) (g ⊲⊳ h) ⋉ (Ûg × Ûh)  (g ⋉ Ûg) ⊲⊳ (h ⋉ Ûh),
which is induced by (3.22).
SECOND ORDER LAGRANGIAN DYNAMICS ON DOUBLE CROSS PRODUCT GROUPS 19
Corollary 4.2. The 2nd order matched Euler-Poincaré equations, generated by a Lagrangian function
L : (g ⊲⊳ h) ⋉ (Ûg ⋉ Ûh) → R, L = L(ξ, η, Ûξ, Ûη) are given by(
d
dt
+ ad∗ξ
) (
DξL
)
−
(
DξL
) ∗
⊳ η − a∗η
(
DηL
)
= 0,(
d
dt
+ ad∗η
) (
DηL
)
+ ξ
∗
⊲
(
DηL
)
+ b∗ξ
(
DξL
)
= 0,
(4.16)
where, once again, we use the abbreviations
DξL :=
δL
δξ
−
d
dt
δL
δ Ûξ
, DηL :=
δL
δη
−
d
dt
δL
δ Ûη
.
Particular instances of the system (4.16) are of wide interest in connection with the semi-direct product
theory. More precisely, if the (right) action of G on H is assumed to be trivial, then G ⊲⊳ H = G ⋊ H, and
the 2nd order Euler-Poincaré equations on the semi-direct sum Lie algebra
(g ⋊ h) ⋉ (Ûg × Ûh)  (g ⋉ Ûg) ⋊ (h ⋉ Ûh)
follows at once from (4.16) as (
d
dt
+ ad∗ξ
) (
DξL
)
−
(
DξL
) ∗
⊳ η = 0,(
d
dt
+ ad∗η
) (
DηL
)
+ b∗ξ
(
DξL
)
= 0.
(4.17)
If, on the other hand, the (left) action of H on G is trivial, then G ⊲⊳ H = G ⋉ H, and (4.16) reduces this
time to the 2nd order Euler-Poincaré equations on the semi-direct sum Lie algebra
(g ⋉ h) ⋉ (Ûg × Ûh)  (g ⋉ Ûg) ⋉ (h ⋉ Ûh)
as (
d
dt
+ ad∗ξ
) (
DξL
)
− a∗η
(
DηL
)
= 0,(
d
dt
+ ad∗η
) (
DηL
)
+ ξ
∗
⊲
(
DηL
)
= 0.
(4.18)
If both of the actions are trivial then we arrive at the 2nd order dynamics on g × Ûg. Namely,(
d
dt
+ ad∗ξ
) (
DξL
)
= 0,(
d
dt
+ ad∗η
) (
DηL
)
= 0.
(4.19)
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The following diagram summarizes well the relations between the 1st order and the 2nd order Euler-Lagrange
and Euler-Poincaré equations derived in Subsection 4.1 and Subsection 4.2.
(4.20)
T2G
EL in (4.12)
T2(G ⊲⊳ H)
matched EL in (4.14)
g ⋉ Ûg
EP in (4.13)
(g ⊲⊳ h) ⋉ (Ûg × Ûh)
matched EP in (4.16)
TG
EL in (4.3)
T(G ⊲⊳ H)
matched EL in (4.5)
g
EP in (4.4)
g ⊲⊳ h
matched EP in (4.6)
G\
/Ûg via (3.8)
(G⊲⊳H)\
/(Ûg×Ûh) via (3.8)
/T 2H
via (3.10)
/Ûg
/(h×Ûh)
via (4.15)
/(Ûg×Ûh)
G\
/TH
via (3.4)
(G⊲⊳H)\
/h
5. Illustrations
5.1. Riemannian 2-splines.
A class of Lie groups which may be (matched) paired by themselves, via the adjoint action, is given
by the nilpotent groups of class 2; [20, 42].
In this subsection, we shall present the 2nd order matched Euler-Poincaré equations of the Riemannian
2-splines, see for instance [28, 29], on the 2nd order tangent group of a double cross product G ⊲⊳ G, where
G is a nilpotent Lie group of class 2.
Let us note that in case G is a nilpotent Lie group of class 2, then the Riemannian metric γ on
the Riemannian 2-splines on G turns into a bi-invariant Riemannian metric [28]. Accordingly, G being a
nilpotent group of class 2, let us fix a bi-invariant Riemannian metric γ¯ on the double cross product group
G ⊲⊳ G, with the corresponding squared norm | |(·, ·)| |2g⊲⊳g on the double cross sum Lie algebra g ⊲⊳ g of the
group G ⊲⊳ G.
Along the lines of [28, Prop. 3.4], we shall consider the Lagrangian
(5.1) L¯ : T2(G ⊲⊳ G) → R, L¯
(
(g, g˜), (ξ, ξ˜), ( Ûξ, Û˜ξ)
)
=
1
2
 DDt (ξ, ξ˜)2(g,g˜) ,
where D/Dt stands for the covariant derivative with respect to time, which induces the reduced Lagrangian
ℓ¯ : (g ⊲⊳ g) ⋉ (g × g) → R, ℓ¯((ξ, ξ˜), ( Ûξ, Û˜ξ)) =
1
2
( Ûξ, Û˜ξ)2
g⊲⊳g
.
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Accordingly, the 2nd order Euler-Poincaré equations [28, (3.21)] becomes(
d
dt
± ad∗ξ
)
Üξ♭ ∓ ad∗
ξ˜
( Üξ♭ + Ü˜ξ♭) = 0 or Ýξ ∓
[
ξ, Üξ
]
±
[
ξ˜, Üξ + Ü˜ξ
]
= 0,(5.2) (
d
dt
± ad∗
ξ˜
)
Ü˜ξ♭ ± ad∗ξ ( Üξ
♭
+
Ü˜ξ♭) = 0 or Ý˜ξ ∓
[
ξ˜, Ü˜ξ
]
∓
[
ξ, Üξ + Ü˜ξ
]
= 0,(5.3)
where
♭ : g → g∗, ξ 7→ ξ♭
is the (musical) isomorphism given by 〈
ξ♭, ξ˜
〉
= γ(ξ, ξ˜),
whose inverse
# : g∗ → g, µ 7→ µ#
may be given by
− adξ η = (ad
∗
ξ (η
♭))#.
Let us finally record from [20] that in the presence of the double cross sum Lie algebra g ⊲⊳ g, the coadjoint
action may be formulated as
(5.4) ad∗
(ξ,ξ˜)
(ξ♭, ξ˜♭) = (ad∗ξ ξ
♭ − ad∗
ξ˜
(ξ♭ + ξ˜♭), ad∗
ξ˜
ξ˜♭ + ad∗ξ (ξ
♭
+ ξ˜♭)).
5.2. The 2nd order 3D systems.
In the present subsection, we shall examine the 2nd order matched Euler-Poincaré equations on
(R3 ⊲⊳ R3) ⋉ (R3 × R3) generated by a reduced Lagrangian function
ℓ : (R3 ⊲⊳ R3) ⋉ (R3 × R3) → R, ℓ = ℓ(X,Y, ÛX, ÛY ).
In other words, write the equations (4.16) of Corollary (4.2) on (R3 ⊲⊳ R3)⋉ (R3 ⋉R3) in view of the double
cross sum decomposition
(5.5) sl(2,C) = su(2) ⊲⊳ K  R3 ⊲⊳ R3k,
associated to the Iwasawa decomposition SU(2) ⊲⊳ K of SL(2,C), where su(2) is the algebra of the group
SU(2), and K is the Lie algebra of the half-real form K of SU(2). Referring the reader to [26] for further
details of this double cross sum decomposition, let us fix the notation
X, ÛX ∈R3, Y,Y1,Y2, ÛY ∈ R
3
k, Φ ∈ R
3∗, Ψ ∈ K∗  R3k
∗
, k = (0, 0, 1) ∈ R3.(5.6)
We shall identify the Lie algebra su(2) with R3 whose Lie algebra structure is given by the cross product,
and its dual space su∗(2) with R3 (via the Euclidean dot product). The Lie algebra structure of K  R3
k
, on
the other hand, is determined by
[Y1,Y2] = k × (Y1 × Y2),
where × stands for the cross product, and k denotes the unit vector (0, 0, 1). Let us recall also that, with all
these identifications at hand, the coadjoint actions of the Lie algebras R3 and R3
k
are given by
(5.7) ad∗ : R3 × R3 → R3, (X,Φ) 7→ ad∗X Φ = X × Φ,
and
(5.8) ad∗ : R3k × R
3
k → R
3
k, (Y,Ψ) 7→ ad
∗
Y Ψ = (k · Y )Ψ − (Ψ · Y )k,
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while the mutual dual actions are
∗
⊳ : R3 × R3k → R
3, (Φ,Y ) 7→ Φ
∗
⊳Y = (Y · k)Φ − (Φ · k)Y(5.9)
∗
⊲ : R3 × R3k → R
3
k, (X,Ψ) 7→ X
∗
⊲ Ψ = Ψ × X,(5.10)
b∗X : R
3 → R3k, Φ 7→ b
∗
XΦ = (Φ · k)X − (Φ · X)k,(5.11)
a∗Y : R
3
k → R
3, Ψ 7→ a∗YΨ = Y × Ψ,(5.12)
where we use the Euclidean dot product in (5.11). Accordingly, the 2nd order (matched) Euler-Poincaré
equations (4.16) appears to be(
d
dt
− Y · k
)
DXℓ + X × DXℓ − Y × DYℓ + (DXℓ · k)Y = 0,(5.13) (
d
dt
+ k · Y
)
DYℓ + DYℓ × X + (DXℓ · k)X − (DYℓ · Y + DXℓ · X)k = 0,(5.14)
where we use the identities
DXℓ =
δℓ
δX
−
d
dt
δℓ
δ ÛX
,
DYℓ =
δℓ
δY
−
d
dt
δℓ
δ ÛY
.
(5.15)
If, in particular, the left action of K on SU(2) is assumed to be trivial, then the equations of motion (5.13)
and (5.14) turn out to be the 2nd order Euler-Poincaré equations
d
dt
DXℓ + X × DXℓ − Y × DYℓ = 0,(
d
dt
+ k · Y
)
DYℓ + DYℓ × X − (DYℓ · Y )k = 0,
on the semidirect sum (R3 ⋉ R3) ⋉ (R3 × R3)  (R3 ⋉ R3) ⋉ (R3 ⋉ R3).
If, on the other hand, the right action of SU(2) on K is assumed to be trivial, then the equations (5.13)
and (5.14) transform into the 2nd order Euler-Poincaré equations(
d
dt
− Y · k
)
DXℓ + X × DXℓ + (DXℓ · k)Y = 0,(
d
dt
+ k · Y
)
DYℓ + (DXℓ · k)X − (DYℓ · Y + DXℓ · X)k = 0,
on (R3 ⋊ R3) ⋉ (R3 × R3)  (R3 ⋉ R3) ⋊ (R3 ⋉ R3).
If both actions are trivial, then we arrive at the 2nd order Euler-Poincaré equations
d
dt
DXℓ + X × DXℓ = 0,(
d
dt
+ k · Y
)
DYℓ − (DYℓ · Y )k = 0
on (R3 × R3) ⋉ (R3 × R3). Furthermore, for the reduced Lagrangian function
ℓ : (R3 × R3) ⋉ (R3 × R3) → R, ℓ(X,Y, ÛX, ÛY ) :=
1
2
(X2 + Y2 + ÛX2 + ÛY 2),
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for which we refer the reader to [56], the last equations take the particular form of
ÝX − (Y · k) ÜX + X × ÜX + ( ÜX · X)k − Y × ÜY − ÛX + (Y · k)X − (X · k)Y = 0,(5.16)
ÝY + (k · Y ) ÜY + ÜY × X − ( ÜY · Y )k + ( ÜX · k)X − ( ÜX · X)k − ÛY − (k · Y )Y − Y × X + (Y · Y )k = 0,(5.17)
where we used the abbreviations
DXℓ = X − ÜX, DYℓ = Y − ÜY .
6. Discussions
Wehave studied the 2nd order Lagrangian dynamics on Lie groups. More precisely, we have observed
that based on the double cross product decomposition (3.23) ofTTG, the 2nd order Euler-Lagrange equations
on T2G may be obtained from the 1st order Euler-Lagrange equations on TTG; without appealing to any
variational calculus. Furthermore, we have also remarked that the (1st order) Euler-Lagrange equations
on TTG may be written directly from those on the tangent group of a double cross product group; simply
by regarding TG as the semi-direct product G ⋉ g. Finally, we have noted the 2nd order Euler-Lagrange
equations on the 2nd order tangent group of a double cross product group.
As is well-known, a generalization of the classical Lagrangian dynamics is available on the Lie
algebroid framework; see, for instance, [15, 30, 37, 49, 64]. Moreover, in the Lie algebroid framework, it
is also possible to study the higher order Lagrangian dyanmics as well; [10, 34, 50]. Along the lines of
the present paper, it is the matched pair interpretation of the Lie algebroid geometry of the higher order
Lagrangian dynamics that we plan on investigating in a separate paper.
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